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Abstract Hybrid system is a dynamic system that involves
continuous, discrete behaviors, and the interactions between
continuous physical components and discrete controllers. In
this paper a hybrid modeling language (called HML) for
hybrid systems is extended with templates to achieve code
reuse. For the formal analysis of the corresponding hybrid
system models in this modeling language, these models
are translated into SMT (satisfiability modulo theories) for-
mulas as the input to an SMT solver dReal which retains
the capability of bounded reachability analysis for non-
linear hybrid systems. Moreover, dReal can produce data for
potential traces of hybrid systems, thus it can be employed
to simulate on hybrid systems. In this paper the simula-
tion and reachability analysis are integrated in a prototype
tool (open source). We present a case study for an inverted
pendulum with PID (Proportional-Integral-Derivative) con-
trollers and a rod reactor system for temperature control,
both are verified to demonstrate the efficiency of the pro-
totype tool. We conclude that, this modeling language is
capable of modeling and verification of hybrid systems
based on simulation and bounded reachability analysis.
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1 Introduction

Hybrid system consists of discrete actions (control log-
ics) and continuous behaviours (flows). In general, hybrid
systems are modeled as finite state machines with differen-
tial equations representing continuous flows, and difference
equations for control logics. Automata, process algebras
and state-charts are the three most popular notations for the
modeling of hybrid systems.

Nowadays, various modeling languages exist: Hybrid
Automata [1], Hybrid CSP [23, 42], Simulink/Stateflow,
HyPA [11] and Hybrid Programs [38]. In this paper, the
hybrid (relational) modeling language (called HML in this
paper) which was proposed by He [24] is utilized, where the
complex interaction between components in a hybrid system
is synchronized by signals. Minor modifications for the syn-
tax of the language are made and extended with primitive
types and constraints for specifying the bounds of variables
on hybrid systems.

Following the reusability principles in software engineer-
ing, code reuse focuses on reducing redundancy by using
assets that exist in proper forms within the system develop-
ment process. To make the models of hybrid systems much
more readable and maintainable, a syntax structure called
template is proposed to achieve code reuse. The template
in the language takes formal parameters and a template
body which may contain differential equations, traditional
assignments or conditional statements. Therefore, the code
reuse in the language is adequate for applications in coarse-
grained (e.g., blocks of statements), and also in fine-grained
(e.g., just one differential equation, or some assignments for
control logic implementation).

http://crossmark.crossref.org/dialog/?doi=10.1186/10.1007/s11036-015-0671-7-x&domain=pdf
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In this paper, the model of the language is translated
into SMT formulas, and an SMT solver dReal [17] is
employed for formal analysis. The SMT solver dReal solves
SMT problems over the reals with non-linear functions,
e.g., trigonometric functions, exponential functions, loga-
rithmic functions. It is based on OpenSMT [7] for DPLL(T)
framework [36], and RealPaver [19] for interval constraint
satisfaction. The result of the solver is UNSAT or δ-SAT on
input formulas, where δ is a positive rational number denot-
ing a numerical error bound. In addition, dReal produces
certificates, i.e., the proofs of unsatisfiability or solutions
when the input formulas are satisfiable. Based on the cer-
tificates, the simulation and reachability analysis can be
implemented for hybrid systems. The translation and for-
mal analysis are integrated in our open source tool, the
corresponding source code is available at GitHub.1

Moreover, a case study is proposed for simulation and
reachability analysis of an inverted pendulum with non-
linear dynamics. The inverted pendulum is controlled by a
PID (Proportional-Integral-Derivative [2]) controller. PID
controllers are feedback controllers used in various indus-
trial control systems. It contains three tuning parameters,
the proportional gain Kp, integral gain Ki , and derivative
gain Kd . During the simulation, these parameters of the con-
troller are revealed incrementally. After that, the parameters
are used to implement a PID controller for discrete control
of the pendulum with a sampling time of 0.08s. The reacha-
bility analysis is used to check the stability of the pendulum
under the controller.

In addition, a rod reactor system with linear dynamics is
modeled and verified in this paper. The object of the system
is to control the temperature of the reactor by two cooling
rods. The differential equations for the cooling dynamics of
these two rods contain identical form in equation and termi-
nation conditions except for different values of parameters,
template is employed to implement code-reuse in the HML
model for this case.

The remainder of this paper is organized as follows. In
Section 2,the related work is presented. In Section 3, the
syntax of the revised modeling language for hybrid sys-
tems is proposed. In Section 4, some preliminary definitions
relate to dReal are presented. The translation of the model
for HML into dReal is introduced in Section 5. In Section 6,
the case study of inverted pendulum with PID controllers is

1https://github.com/fanghuixing/HML. The main task of this tool is
translating HML models into SMT formulas which can be checked
w.r.t. the satisfiability of properties based on dReal. The syntax
of HML was expressed and encoded based on Terence Parr’s tool
ANTLRv4. The checking result was stored in a JSON file which con-
sists of the states of the corresponding hybrid system. The JSON
file was analyzed and filtered, then sent to JfreeChart for graphical
demonstration of system states and behaviors

proposed, the simulation and reachability analysis are elab-
orated in detail. Section 7 is a case of rod reactor for the
control of the reactor’s temperature by two cooling rods, the
reuse of template is presented in the HML model of the sys-
tem, and the shutdown property is verified in our prototype
tool. Finally, conclusions are given in Section 8.

2 Related work

Phase transition systems, abbreviated as PTS [33], extend
discrete transition systems with continuous actives for the
modeling of hybrid systems, and the specification for hybrid
behavior is based on Statecharts [22]. In PTS, the behav-
ior of a hybrid system can be considered as a sequence of
continuous and discrete phases that are interacted. The con-
tinuous phase involves continuous evolution of variables,
while the discrete phase contains some (finite) discrete
transitions.

In 1992, Rajeev Alur et al. introduced hybrid automata
[1, 25] for modeling and specifying of hybrid systems. The
authors also discussed the reachability problem of hybrid
automata that is undecidable in general.

Nevertheless, the authors of [1] invented two semide-
cision procedures for checking piecewise-linear hybrid
automata with respect to safety properties. The details for
the decidability on hybrid automata can be found in [27].
The first formal verification tool for linear hybrid automata
is HyTech [26].

Hybrid I/O automata [31, 32] are hybrid automata except
for the division of external actions as input and output
actions, and the variables in hybrid I/O automata are also
partitioned into input and output variables. PHAVer [12, 13]
is a tool proposed by Goran Frehse et al., which is capa-
ble of formal verification of hybrid I/O automata with affine
continuous dynamics (e.g., v̇ = P · v + q, where elements
of P and q are intervals) based on over-approximation and
partition for reachable states.

SpaceEx [14] is a verification tool also presented by
Goran Frehse et al. for scalable reachability analysis of lin-
ear hybrid systems (about 100 variables) with piecewise
affine, non-deterministic dynamics. SpaceEx employs poly-
hedra and support function [20] for over-approximation of
reachable states.

For non-linear hybrid systems, Flow* [9] adopts Taylor
model [5, 6] arithmetics for approximations of non-linear
dynamics. As discussed in [10], Flow* is more suitable than
dReach [30] on hard non-linear dynamics, while dReach is
better for moderate dynamics.

For the modeling of hybrid systems, there are notations
from process algebra, for instance, HyPA (hybrid process
algebra, [11]) is an extension of ACP (algebra of communi-
cating processes, [3]), with the disrupt operator, continuous

https://github.com/fanghuixing/HML
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flow-clauses, and re-initializations for discrete transitions.
Hybrid CSP [23, 42] extends CSP (communicating sequen-
tial processes, [28]) with continuous variables, differential
equations, and events etc.

In addition, Modelica [15] and Matlab
Simulink/Stateflow [34, 35] are modeling languages that
can be applied for the simulation of hybrid systems. But
the specification in Modelica are ambiguous, for example,
whether an event is synchronous or not, is disagreed among
various interpretations.

The Simulink/Stateflow modeling language is popular
in industry for large-scale and complex systems, but lacks
(built-in) formal verification support in the Matlab toolset,
let alone the verification of hybrid systems under model per-
turbations. Moreover, the statechart also cannot be reused as
a template in Simulink/Stateflow for hybrid systems.

In this paper, the prototype tool is based on dReal, it can
cope with model perturbations for the verification of hybrid
systems. Moreover, in our prototype tool, the reachability
states of hybrid systems can also be viewed in a graphical
way as in the toolset of Matlab Simulink.

3 Modeling language for hybrid systems

In this section, the syntax of the hybrid modeling lan-
guage (HML) is presented, the semantics of the language
is explained in an informal way, and the usage of HML is
illustrated by a simple example. The details for the hybrid
modeling language HML are presented as follows:

AP ::= skip | v = e |!s | wait(e)

EQ ::= R(v, v̇) | R(v, v̇) init v0 | EQ || EQ

P ::= AP | P ; P | {P || P } | (P 〈 b 〉 P)

| EQ until g | when{ G }
| while (b){ P } | Id(es)

g ::= ε | @(s) | b | g 〈and〉 g | g 〈or〉 g

b ::= true | false | v ◦ c |∼ b

| b and b | b or b

G ::= (g then P) | G, G

where, ◦ ∈ {>=, >, ==, <, <=}, unary logical opera-
tor ‘∼’ is used as negation (¬), ‘b and b’ represents
conjunction (∧) of boolean expressions, and ‘b or b’ is dis-
junction (∨) of boolean conditions. The syntax is explained
as follows:

– skip is the empty command that terminates immedi-
ately;

– The atomic process ‘!s’ emits signal s, then terminates
immediately;

– The assignment statement ‘v = e’ has the traditional
form for variable v and expression e, for example (v =
v + 1) is an assignment that increases v by 1;

– The process ‘wait(e)’ suspends the current running
process for e time units, e is an expression representing
a nonnegative rational number;

– The relation predicate R(v, v̇) defines a flow constraint,
i.e., the differential equation for variable v and the first-
order derivative of v over time. For example, v̇ = 1.2
and v̇ = sin(v) + √| v | + 1 are two different relation
predicates for variables v and v̇; In HML, (dot v) is
used to denote the first order derivative of v over time,
i.e., v̇;

– ‘R(v, v̇) init v0’ declares a flow constraint with v0

the initial value for v;
– The parallel equation ‘EQ1 || EQ2’ specifies the

simultaneous differential equations;
– The process ‘P1; P2’ denotes the sequential composi-

tion of two processes;
– The parallel composition of processes is represented by

‘{P1 || P2}’;
– The conditional choice between processes P and Q

with boolean expression b is ‘(P 〈 b 〉 Q)’. If b is true,
it behaves like P , and Q when b is evaluated to false;

– A continuous flow consists of differential equations
with exit-condition that denotes the termination condi-
tion is declared by ‘EQ until g’. The exit-condition
g can be conditional guards, signals or their combina-
tions;

– The when-choice process ‘when{G}’ activates Pi (in
G) when the corresponding guard gi is valid. If all
guards are invalid, the when-choice process will wait
until a valid one exists. For instance, the when-choice
process ‘when{(g1 then P1), (g2 then P2)}’ will
wait for one of the guards g1 and g2 to be valid;

– The while-loop ‘while (b){P }’ has the traditional
form, where b is a boolean condition expression, P is
the loop body;

– Id(es) is an instantiation of a template, where es

denotes the values passing into the corresponding tem-
plate. A template in this language is used for encap-
sulation of statements (differential equations or control
logics) that can be reused during the modeling of hybrid
systems;

– For the guard g, the empty guard ε is valid immediately
when it is evaluated. The signal guard ‘@(s)’ is valid
when signal s is present. The boolean guard b denotes
a boolean expression. g1 〈and〉 g2 is valid iff both g1

and g2 are valid, and g 〈or〉 g when one of the guard is
valid;

– (g then P) is a guarded choice that is related to the
when-choice process. If g is valid then P is the sub-
sequent behavior, otherwise the process is waiting; if
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‘G1, G2’ is related to the when-choice process, the
process will wait until at least one guard is valid.

For different types of guards, the difference between sig-
nal and boolean expression is: signal is instantaneous while
boolean expression can be valid for some durations.

For example, let v be a variable representing the velocity
of a car, boolean expression v ≥ 0 is valid after the car starts
to run, and the boolean expression would be invalid until the
car runs in the opposite direction with respect to the original
one. However, in HML, the waiting process for the guard
should terminate whenever the guard is valid.

In addition, four types for variables in the hybrid model-
ing language are specified:

Type ::= Signal | boolean | int | float
where, keyword Signal is used to declare signals,
boolean for boolean variables, int for variables that
take the values of integer numbers, and float for real
numbers. Moreover, some extra syntax structures are given
below, i.e., the bounded constraints, template and main
function:

Constraint ::= v in [l, h] (1)

T emplate ::= Template Id(fs){ P } (2)

Main ::= Main { P } (3)

where, syntax (1) is used for specifying constraint condi-
tions of the variables in an HML model. Symbol v stands
for a variable (with type int or float), l for the minimum
value and h for the maximum value that v can take, i.e.,
l ≤ v ≤ h. The second syntax (2) is about the template dec-
laration. The identifier Id is the name of the template, and
fs stands for the list of formal parameters, P is the template
body.

The template structure is employed to declare one block
of statements that can be reused in HML models with
proper parameters when it was instantiated. The third one
(3) is used for the main function declaration that specifies
the entry point of an HML model.

Example 1 Let x be a variable, s be a signal, the following
code represents a simple HML model:

The block statement on the left of || is a differential equa-
tion, it denotes the flow condition of variable v, that is ẋ = 1

with initial value of x be 0, and the continuous flow shall
terminate at the moment when the input signal s is present.
The right block statement waits for 1 unit of time then emits
the signal s. As a result, the value of x is 1 when the system
of the model terminates.

4 LRF -Formulas and dReal

Some definitions are reviewed following [16, 18]. Let F
be a set of computable real functions which are called
Type 2 computable functions in [40] (see Appendix A).
These functions are real functions that can be approximated
numerically.

In this paper, suppose that all the functions used for mod-
eling are Type 2 computable, such as solution functions of
Lipschitz-continuous ordinary differential equations, expo-
nentiation, trigonometric functions and polynomials.

Definition 1 (Lipschitz-Continuous Functions) Let V ⊆
R

n be compact, function f : V → R is Lipschitz-
continuous on V if there exists a constant k ∈ R

+ such that
for all v, v′ ∈ V ,

|f (v) − f (v′)| ≤ k‖v − v′‖.
where, ‖·‖ is the max norm over Rn.

Consider the initial value problem of ordinary differential
equation:

dy
dt

= f(y(t, v0)), y(0, v0) = v0 ∈ V,

where, f = 〈f1, ..., fn〉, V ⊆ R
n is compact. The suffi-

cient condition for the equation to have a unique solution
y is that fi is Lipschitz-continuous for 1 ≤ i ≤ n. The
ordinary differential equation satisfying the sufficient con-
dition is called Lipschitz-continuous. The solution functions
yi : R × V → R are computable [29] over R × V if the
ODE is Lipschitz-continuous.

In the SMT solver dReal, hybrid systems are represented
with LRF -formulas. It is defined as follows.

Definition 2 (LRF -Formulas [16]) Let F be a set of Type
2 computable real functions (constants are 0-ary functions).
It is defined as follows:

t ::= v | f (t (v)), where f ∈ F;
φ ::= t (v) > 0 | t (v) ≥ 0 | φ ∧ φ | φ ∨ φ | ∃xi.φ | ∀xi.φ,

where, v represents variable or constant, v =
(v1, v2, ..., vn), t denotes LRF terms. The negation ¬φ can
be implemented by the equivalence relation:

¬(t > 0) ≡ −t ≥ 0, ¬∃xi.φ ≡ ∀xi.¬φ,

¬(t ≥ 0) ≡ −t > 0, ¬∀xi.φ ≡ ∃xi.¬φ.
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And, the implication φ1 → φ2 ≡ ¬φ1 ∨ φ2.

The atomic formula (t (v) = 0) can be replaced by the
formula −|t (v)| ≥ 0. Also, for atomic formula t (v) < 0 ≡
−t (v) > 0, and t (v) ≤ 0 ≡ −t (v) ≥ 0. Moreover, s < t

can be written as (t − s) > 0, it is similar for the relation ≤.
As this paper focus on formulas with bounded variables,

the bounded quantifiers definition is presented as follow:

Definition 3 (Bounded Quantifiers [16]) The bounded
existential quantifier ∃I and bounded universal quantifier ∀I

are defined:

∃I v.φ =def ∃v.(v ∈ I ∧ φ);
∀I v.φ =def ∀v.(v ∈ I → φ),

where, the interval I = [l, h], l and h denote LRF terms,
which only contain free variables in φ excluding v.

Moreover, a bounded LRF -sentence is of the form:

Q
I1
1 v1 · · · QIn

n vn.φ(v1, ..., vn),

in which Q
Ii

i represents bounded quantifier, and
φ(v1, ..., vn) denotes quantifier-free LRF -formula.

The SMT problems that dReal had solved are decid-
ing the truth value of fully existentially quantified sen-
tences (�1-SMT problem) and the formulas that are par-
tially universally quantified (�2-SMT problem), i.e., a �1-
SMT problem is a formula as ∃I1v1 · · · ∃Invn.φ(v1, ..., vn),
while a �2-SMT problem is ∃I1v1 · · · ∃Invn∀In+1vn+1 · · ·
∀Imvm.φ(v1, ..., vm).

SMT solver dReal can deal with first-order formulas
(bounded quantifiers) with computable non-linear real func-
tions in the framework of δ-complete decision procedures
[16]. In this framework the δ-variant of first-order formu-
las is defined as follows.

Definition 4 (δ-Variant) Let Q
+ be the set of posi-

tive rational numbers, δ ∈ Q
+ ∪ {0}, and ϕ =def

Q
I1
1 v1 · · · QIm

m vm.φ[ti (v) > 0; tj (v) ≥ 0] for i ∈ {1, ..., k}
and j ∈ {k + 1, ..., m}. The δ-weakening formula ϕδ is
defined as:

Q
I1
1 v1 · · · QIm

m vm.φ[ti (v) > −δ; tj (v) ≥ −δ].
ϕδ is obtained from ϕ with the replacing of atomic formula
(ti > 0) by (ti > −δ), and (ti ≥ 0) by (ti ≥ −δ).

For any ϕ dReal returns one of the following answers
[17]:

– UNSAT : formula ϕ is unsatisfiable;
– δ-SAT : formula ϕδ is satisfiable.

Based on the result, the conclusion of whether a property
with hybrid system model in SMT-formulas is satisfiable (or

reachable for the corresponding states) with numerical per-
turbation δ or the proof of unsatisfiability for the property
without perturbation can be made.

5 Translation into dReal

In this section, the translation on HML models is proposed,
which is from HML model to SMT [4] formulas as the input
for dReal. The first part focus on the translation (unrolling)
of sequential models, after that the parallel model unrolling
is presented.

5.1 Sequential model unrolling

Each variable in the formulas after unrolling is accompanied
by the unrolling depth and initial/final flags. For a maxi-
mum unrolling depth of n, the flags are 0 ≤ depth ≤ n,
f lag ∈ {ρ, τ }, where ρ is used to denote the initial value
and τ for the final (or intermediate) value of the corre-
sponding variable for discrete (or continuous) behaviors.
For instance, v0,ρ represents the initial value of v at the
depth of 0. For sequential model unrolling, five types of
discrete action statements are considered as follows.

Assignment For assignment statement (x = e(x)), in gen-
eral, the SMT formulas are in prefix notation, but for
simplicity, in this paper the formula is presented in infix
notation. Suppose that the current depth is m, 0 ≤ m ≤ n,
we can encode the assignment as formula:

xm,τ = e(xm,ρ),

where, e(xm,ρ) is the expression of e(x) with the replacing
of x by initial values xm,ρ . For example, the assignment x =
1 + x for variable x is represented as xm,τ = 1 + xm,ρ .
For assignment x = x + y + 1, it can be translated into
xm,τ = xm,ρ + ym,ρ + 1, and in the form of SMT formula:
(= xm,τ (+ xm,ρ (+ ym,ρ 1))).

Signal Emitting The emitting of signal (!s) is implemented
as a discrete assignment. The fact of signal emitting is the
recording of time instant when the signal is present. In the
unrolling, the signals are regarded as variables with the type
of float. The global time of an HML model is represented
by variable global. Thus, the formula is

sm = globalm,ρ,

where, globalm,ρ represents the time point when signal s

is emitted. The time instant is recored by the variable sm
(without the suffix τ ) as signals do not emitted during a
continuous flow.
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Sequential Composition For sequential composition of
two discrete actions (P1; P2), suppose the formula for P1

has the form F1(x1
m,τ , x

1
m,ρ) ∧ (x1

m,τ = e1(x1
m,ρ)) and the

formula for P2 is F2(x2
m,τ , x

2
m,ρ) ∧ (x2

m,τ = e2(x2
m,ρ)), then

the formula is

F1(e1(xm,ρ), x77)∧F2(xm,τ , e1(xm,ρ))∧(xm,τ =e2(e1(xm,ρ))),

where, xm,ρ denotes the initial value for x of (P1; P2).
The superscripts (1 and 2) are just used to distinguish the
initial/final values of P1 and P2. Thus, x1

m,ρ = xm,ρ ,
x2
m,ρ = x1

m,τ , and x2
m,τ = xm,τ . In the following, the for-

mula xm,τ = e2(e1(xm,ρ)) is used to denote the result of
[x1

m,τ = e1(x1
m,ρ); x2

m,τ = e2(x2
m,ρ)] for sequential operator

(; ).

Conditional Choice The choice between two discrete
actions with condition (P1 〈 b 〉 P2),

[b(xm,ρ)∧xm,τ = e1(xm,ρ)]∨[¬b(xm,ρ)∧xm,τ = e2(xm,ρ)],
where, b(xm,ρ) represents the boolean value of condition b.
And, e1 and e2 are related to P1 and P2, respectively.

While-Loop For a while-loop statement with discrete body
(while (b){ P }), let i denote the number of iterations of
the loop, i is a natural number. If i = 0, the representation
of the loop is

LP0 =def ¬b(xm,ρ),

for i = 1,

LP1 =def [b(xm,ρ) ∧ xm,τ = e(xm,ρ)] ∧ [¬b(xm,τ )],
for i = 2,

LP2 =def [b(xm,ρ) ∧ xm,τ = e(e(xm,ρ))] ∧ [¬b(xm,τ )],
in which, e represents the transformation of loop body
P , thus, in general, if the current depth is m, LPi =def

[b(xm,ρ) ∧ xm,τ = e i (xm,ρ)] ∧ [¬b(xm,τ )]. The notation
e i denotes the application of e for i times with the initial
value xm,ρ . As the number of iterations can be infinite, in
this paper, only the type of While-Loop program that its
loop body must contain continuous behaviors is considered
in this paper. Note that the maximum unrolling depth is
bounded in the model translation and verification.

For continuous part, it focus on three types of statements
as follows.

Waiting For the waiting statement wait(e(x)), where e is
an expression specifying the units of time, in the unrolling,
the waiting statement is translated into a differential equa-

tion for variable clock with derivative 1, that is, the value
of clock is the integral over time in the interval [0, timem],
denoted by

[〈clockm,τ 〉] = (integral [0, timem] clockm,ρ f low),

where, [〈·〉] is used to indicate the values of variables during
the continuous flow. The differential equation f low =def

( d[clock]
d[t] = 1), and the initial value clockm,ρ = 0 with

constraint ∀t ∈ [0, timem].¬(clockm,τ ≥ e(xm,ρ)) before
the termination of the waiting. This special form of formu-
las for differential equations with extra constraints can be
processed by dReal to specify the values for continuous
variables. In addition, to specify the termination of the flow,
the formulas are appended with the constraint clockm,τ ≥
e(xm,ρ) without bounded universal quantifier.

Differential Equation For a differential equation of the
form (v̇ = e(v) init v0 until g(x)), the formula is

[〈vm,τ 〉] = (integral [0, timem] vm,ρ f low),

where, vm,ρ = v0, and f low =def ( d[v]
d[t] = e(v)). Also, the

corresponding constraint is ∀t ∈ [0, timem].(¬g(x)m,τ ).

Note that, for different types of g, the forms of constraints
are different. Two main types are listed here.

– For signal guard @(s), ¬g(xm,τ ) has the form ¬(sm ≥
globalm,τ ). If the signal is emitted before a continuous
flow, then (sm ≥ globalm,τ ) is valid, the continuous
flow will terminate immediately;

– For boolean condition b, ¬g(xm,τ ) has the form
¬b(xm,τ ).

For simultaneous differential equations, the correspond-
ing formulas of flows and constraints can appended with
conjunction operators.

When-Choice For when-choice when{(g then P)}, con-
tinuous flows are employed as previous.

[〈clockm,τ 〉] = (integral [0, timem] clockm,ρ f low),

The differential equation f low =def ( d[clock]
d[t] = 1). Again,

the corresponding constraint is

∀t ∈ [0, timem].(¬g(x)m,τ ).

The body P is used for the next depth (m + 1) unrolling.
Let FD and FC denote formulas for discrete and contin-

uous actions, respectively, a renaming operation for FD is
need to combine the resulted formulas. The operation links
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the values in current depth to the values in previous depth.
In general, for variable v, the renaming is implemented by
changing the variable vm,ρ to vm−1,τ , and vm,τ to vm,ρ . And,
initial values are used when m = 0.

For different choices (with conditions) in an HML
model, it is needed to consider different paths of the cor-
responding system. The amount of paths may grow expo-
nentially as the increase of the unrolling depth. A dynamic
merging algorithm is proposed to compress paths.

In Algorithm 1, the input size of paths is ≥ 2, each
unrolling formula of one path at specific depth consists of
the discrete part D and continuous part C, separately. The
method size calculates the number of elements of one set. In
addition, merge takes two paths, and returns one path for the
merged result of paths. The checking of two paths (p1 and
p2) that whether they can be merged is decided according to
the following rules:

– Same length: p1.m ≡ p2.m, suppose that m is the
length of one path;

– Same continuous formula: Each pair of unrolling for-
mulas at the same depth has the same continuous
formula.

Base on these rules, the merging is implemented on the
discrete unrolling parts of formulas. And the merging is con-
sidered for each unrolling depth before the maximum depth
is reached.

5.2 Parallel model unrolling

For HML models, only two types of dynamic behaviors are
modeled for hybrid systems, the discrete action D and con-
tinuous flow C. The parallel composition of two process
relates to these two types of dynamic behaviors. Thus, in
general, three forms of parallel compositions are described
as follows.

Discrete-Continuous For discrete action paralleled with
continuous flow, translation rule is presented as follows:

D ‖ C

D ; C

In this rule, the discrete action is executed first, and then the
continuous flow.

Example 2 Let discrete action D =def {x = 1 + x}, and
continuous flow C =def {ẏ = 1 init 0 until (y >=
1)}, then {D ‖ C} can be encoded as follows:

xm,ρ = 1 + xm−1,τ ∧ ym,ρ = 0 ∧
clockm,ρ = 0 ∧ [〈clockm,τ , xm,τ , ym,τ 〉]
= (integral [0, timem] clockm,ρ xm,ρ ym,ρ f low),

where, m is the current depth of unrolling, thus m − 1 is
the previous depth, f low =def ( d[clock]

d[t] = 1 ∧ d[x]
d[t] =

0 ∧ d[y]
d[t] = 1). This formula indicates that the initial val-

ues of x and y for the continuous flow are assigned to
1 + xm−1,τ and ym−1,τ , respectively. Moreover, the follow-
ing constraint ∀t ∈ [0, timem].¬(ym,τ ≥ 1) is required,
which specifies the condition needs to be satisfied before
the flow terminates.

Discrete-Discrete (interleaving) For the parallel composi-
tion of two discrete actions (D1 and D2),

D1 ‖ D2

(D1 ; D2) ∨ (D2 ; D1)

The order of the execution of D1 and D2 can be nondeter-
ministic (represented by the disjunction operator ∨).

Continuous-Continuous The parallel of two continuous
flows (C1 and C2, all continuous behaviors can be translated
into flows),

C1 ‖ C2

(∼1,2) until g1,2 ;
(g1 ∧ g2 ∧ skip) ∨ (g1 ∧ ¬g2 ∧ C2) ∨ (¬g1 ∧ g2 ∧ C1)

in which, (∼1,2) is the simultaneous differential equations
that are retrieved separately from C1 and C2. The new guard
g1,2 is the merged guard from C1 and C2, g1,2 = g1 ∨ g2.
The formulas connected by (∨) behind semicolon (;) rep-
resent three possibilities: two guards are valid at the same
time then C1 and C2 terminate simultaneously; g1 is valid
but g2 is invalid, thus C1 is terminated, C2 has to continue;
likewise, the third possibility, g2 is valid but g1 is invalid.

Example 3 (C1 ‖ C2) Let the first continuous flow C1 be

C1 =def {(ṗ=v init 0‖ v̇=0.5 init 0) until (p≥100)},
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the second flow is C2 =def {wait(2)}. The result of
parallel composition is

[〈clockm,τ , pm,τ , vm,τ 〉]
= (integral [0, timem] clockm,ρ pm,ρ vm,ρ f low),

where, f low =def ( d[clock]
d[t] = 1 ∧ d[p]

d[t] = v ∧ d[v]
d[t] = 0.5).

Moreover, the following constraint is needed:

∀t ∈ [0, timem].¬(clockm,τ ≥ 2)

∧ ∀t ∈ [0, timem].¬(pm,τ ≥ 100).

The initial values clockm,ρ = 0, pm,ρ = 0 and vm,ρ = 0.
Based on the parallel unrolling rule, the formulas after (;)
can be processed separately and combined with (∨).

In addition, there exists one special encoding of paral-
lel HML model when it contains wait statements. For
each depth of our unrolling, the special variable clock is set
to 0 as the initial value of time for continuous behaviors.
The guard of wait statement needs to be revised properly
when the waiting process is not terminated in one depth of
unrolling as discussed in the following example.

Example 4 Assume that the current depth is m,
and we have C1 =def {wait (1)}, C2 =def {ẋ =
1 init 0 until (x >= 0.5)}, then we can encode the
{C1 ‖ C2} as follows:

clockm,ρ = 0 ∧ xm,ρ = 0 ∧ [〈clockm,τ , xm,τ 〉] =
(integral [0, timem] clockm,ρ xm,ρ f low1) ∧
∀t ∈ [0, timem].¬(clockm,τ ≥ 1) ∧
∀t ∈ [0, timem].¬(xm,τ ≥ 0.5)

∧
clockm+1,ρ = 0 ∧ xm+1,ρ =
xm,τ ∧ [〈clockm+1,τ , xm+1,τ 〉] =
(integral [0, timem+1] clockm+1,ρ xm+1,ρ f low2) ∧
∀t ∈ [0, timem+1].¬(clockm+1,τ ≥ (1 − clockm,τ )),

where f low1 =def ( d[clock]
d[t] = 1 ∧ d[x]

d[t] = 1), and

f low2 =def ( d[clock]
d[t] = 1 ∧ d[x]

d[t] = 0). The underscored
formula respects the revised guard for wait statement. In
this case, C2 is terminated before C1, thus the waiting pro-
cess has to move forward for the remaining waiting time.
This kind of revision in our prototype tool is constructed
based on the dynamic checking satisfiability of guards with
dReal.

5.3 Dynamic translation for HML models

In parallel unrolling, if there are n discrete actions from n

parallel processes, their parallel composition would produce
n! different executing orders. It is challenging to tackle the
total orders as n increases, for instance, the amount of orders

is 3,628,800 when n = 10. In this section, a procedure is
presented, it implements the dynamic translation for HML
models based on dReal. This translation is the base for the
simulation of HML models.

The Algorithm 2 presents the generic procedure of
dynamic translation of HML models. The discrete actions
are stored in the set Sd . The guards for processes Pi are
checked by dReal during the translation, the continuous
actions whose guards are unsatisfiable would be added to
the set Sc.

At the end, the result is the conjunction of formulas
returned from the unrolling of discrete actions in Sd and the
continuous actions in Sc. Various orders can be processed
for the unrolling of Sd , but for the simulation in this paper,
the sequential order that the actions are added is respected.

Note that, the conditions in Conditional-Choice and
While-Loop statements are also dynamic checked by dReal
during the translation, but here the details in Algorithm 2 are
omitted. Program unroll is based on the unrolling approach
presented in Sections 5.1 and 5.2 of Section 5.

6 Case study-1 : inverted pendulum

In this section, an inverted pendulum on a small cart is
modeled in HML. In this case study, the pendulum is con-
trolled by a PID controller. The formal model, simulation
and reachability analysis are provided in detail.
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Fig. 1 Inverted pendulum

The simulation results are visualized with a data viewer
of our prototype tool. The inverted pendulum is illustrated
in Fig. 1, the pendulum can rotate around the pivot, the cart
can move left or right, where,

– L: the length of the pendulum, 1 meter;
– θ : the angular position of the pendulum from upright

position;
– a: the acceleration of the cart;
– g: the gravity acceleration, 9.8 m/s2.

The relation of these variables in the inverted pendulum can
be specified with the non-linear differential equation:

L
d2θ(t)

dt2
= g · sin[θ(t)] − a(t) · cos[θ(t)],

where, t represents time. The control for inverted pendulum
can be implemented by PID [8] or fuzzy-logic controllers
[37, 41].

Figure 2 depicts a PID controller in a feedback loop. PID
controllers are widely used in industrial control systems.
The controller involves three correcting terms: the propor-
tional, the integral and derivative values, denoted by P , I ,
and D, respectively.

The term P depends on the current control error, I on the
integral of the error, and D is a prediction of future errors,
based on the derivative (rate) of the error. These terms are
summed to calculate the output of the PID controller. As

Fig. 2 Block diagram of PID controller

illustrated in Fig. 2, the control output is:

u(t) = Kp · e(t) + Ki ·
∫ t

0
e(τ )dτ + Kd · de(t)

dt
,

where e(t) denotes the control error. The parameters Kp,
Ki and Kd are proportional, integral and derivative gains,
respectively [2]. The output of the process (plant) is called
process variable, denoted by y(t). The desired value of the
process variable is called set point and is denoted by r(t).

In this case study of inverted pendulum, r(t) = 0 which
means that it is required to control the pendulum to be verti-
cal, i.e., the angular position θ be 0. As a result, the control
error can be specified by θ(t).

In Fig. 1, the angular position is controlled through the
acceleration of the cart, therefore u(t) = a(t). The cor-
responding models in HML are presented in Section 6.1
for continuous control and Section 6.2 for discrete control,
respectively.

6.1 Continuous PID control : simulation

The HML model with parameters Ki and Kd are equal to
0 is provided in Fig. 3. The parameter Kp for proportional
term is 80. The initial position is 0.2 (rad). In this scenario,
the acceleration of the cart a(t) = Kpθ(t). The constants (g
and kp) are indicated by the keyword final at line 1.

The constraints are specified for variables in the model
at lines 4∼8. The template Pendulum is instantiated with
parameters position and velocity. Therefore, vari-
able theta in template Pendulum is related to variable
position for the angular position of the pendulum and
omega is related to variable velocity for angular veloc-
ity. The simulation results for angular position and velocity
are illustrated in Figs. 4 and 5, respectively.

As depicted in the simulation result, both position and
velocity are oscillating. But, the control object for this
case is the stable angular position of the pendulum, that
is approaching the vertical line in the upward direction as
quickly as possible.

In the following, the value of Kd is increased, which
results in the angle to be 0. Figure 6 is the simulation with
Kd = 5, where the position is damping to 0 after 2s. As the
value of Kd increasing, the damping rate is faster.

In Fig. 7, the position is decreasing to 0 after 0.6s. Unfor-
tunately, it is not better when increasing the value of Kd

much more. Figure 8 is an example with Kd = 30, in which
the time for the stable control is also about 2s.

As a result, the decreasing of the time consumed for the
control of the pendulum position (expected to be stable at
0), is not continuable when the value of Kd increases.

At this point, based on the simulation, the preferable
parameters (Kp = 80, Ki = 0 and Kd = 15) are revealed
that can be applied for the discrete control in Section 6.2.
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Fig. 3 The HML model for
simulation of inverted pendulum
(the concrete encoded SMT
formulas are presented in
Appendix B). The first-order
derivative of variable v over
time is declared by dot v

Fig. 4 Angular position with Kp = 80, Ki = 0, and Kd = 0. Simulation time is 5s

Fig. 5 Angular velocity with Kp = 80, Ki = 0, and Kd = 0. Simulation time is 5s
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Fig. 6 Angular position with Kp = 80, Ki = 0, and Kd = 5. Simulation time is 3s

Fig. 7 Angular position with Kp = 80, Ki = 0, and Kd = 15. Simulation time is 3s

Fig. 8 Angular position with Kp = 80, Ki = 0, and Kd = 30. Simulation time is 3s
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Fig. 9 The HML model for
discrete control of inverted
pendulum. Variable definitions
and constraints are omitted, acc
is the acceleration of the cart

6.2 Discrete PID control : reachability analysis

The HML model for discrete control of inverted pendu-
lum is provided in Fig. 9 with Kp = 80, Ki = 0, and
Kd = 15, where Ki is removed in the model. The sampling
time is 0.08s, i.e., the acceleration is calculated for every
0.08s. With the maximum unrolling depth of 11, consider
the following properties:

1. The position and velocity can be in the range of
−0.01 ∼ +0.01:

(position ∈ [−0.01, 0.01])∧(velocity ∈ [−0.01, 0.01]).

The verification result is SAT (i.e., δ-SAT), meaning
that the set of states represented by this property is
reachable for this model with depth 11. The position is
illustrated in Fig. 10.

2. The position and velocity are not outside of the interval
[−0.01, 0.01]:

position �∈ [−0.01, 0.01] ∨ velocity �∈ [−0.01, 0.01].

The verification result is UNSAT (i.e., unsatisfiable),
thus the corresponding states are unreachable, then it is
known that the position and velocity are stable within
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Fig. 10 Angular position under discrete PID control. Sampling time is 0.08s, simulation time is 0.96s. The curve for each depth is solid-black or
dotted-blue
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Fig. 11 The HML model for
rod reactor. final is a keyword
for declaration of constant value

the interval [−0.01, 0.01]. Moreover, as the result illus-
trated in Fig. 10, the position may be stable after 0.6s.
Thus, the reachability analysis is taken for the model
with depth 8, the result is also UNSAT.

The first property indicates the position and velocity can
be stable. The second one emphasizes that the angular posi-
tion is stable without perturbation for the inverted pendulum
at depth 11.

The experiment environment for this case study is a
machine with 3.2GHz Quad-Core Intel Core i5-4460 pro-
cessor, 24GB RAM, and 64-bit Ubuntu 14.10 (Utopic). The
time consumed for the verification of continuous control

is less than 2 minutes, but the time for the discrete con-
trol is about 2 hours and 10 minutes with 29.8 GB data for
reachable states.

7 Case Study-2 : rod reactor

This case consists of a (nuclear) reactor tank and two cool-
ing rods (called rod-1 and rod-2). The goal in this case is to
control the temperature of the reactor tank in a certain range
by inserting in or pulling out the cooling rods [39]. The rods
have to be used alternatively because they cannot be in the
reactor tank for a long time.

Fig. 12 The value of the timer for rod-1
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Fig. 13 The value of the timer for rod-2

Fig. 14 The temperature of the reactor tank

Fig. 15 The temperature under
one running path,
KNR ∈ [40, 50]
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Fig. 16 The timer of rod-1
under one running path,
KNR ∈ [40, 50]
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Fig. 17 The timer of rod-2
under one running path,
KNR ∈ [40, 50]
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It is needed to shutdown the reactor if no cooling rods are
available when the temperature is critical (high). The reactor
contains two kinds of procedures, that are,

– No rods are in the tank. The temperature of the reactor
is increasing over time.

– One cooling rod is positioned in the tank. The reactor’s
temperature is decreasing.

The following differential equations specify the dynam-
ics:

˙tp = 1

10
· tp − 50 (4)

˙tp = 1

10
· tp − 56 (5)

˙tp = 1

10
· tp − 60 (6)

where, tp represents the temperature of the tank. Equation
4 is employed for the situation when no rods are in the tank.
Equations 5 and 6 are used for the cooling procedures of
two rods, respectively. These two rods distinguished in their
cooling dynamics.

In addition, two clocks t imer1 and t imer2 are needed
for the measurement of the time elapsed since the last use of
the rod-1 and rod-2, respectively.

The HML model for the rod reactor is presented in
Fig. 11. The templates RodIn and RodOut specify the
dynamics of the reactor when a rod is in the tank or
not. Obviously, the template RodIn is reused for the
cooling dynamics of rod-1 and rod-2 as they can be
initialized with two different parameters KRF and KRS,
respectively.

Initially, the temperature of the tank is 510 ◦C, and the
two timers of rod-1 and rod-2 are 20 s. To check whether
there exists the shutdown scenario for the reactor, consider
the properties as follows,

– (tp ≥ 550) ∧ ((timer1 ≥ 20) ∨ (timer2 ≥ 20)),
– (tp ≥ 550) ∧ (timer1 < 20) ∧ (timer2 < 20),

where, 550 is the value of critical temperature of the reactor
tank, and 20 is the minimum time for a rod to be available

for the cooling task. The verification results for the above
two properties in the prototype tool with the maximum
unrolling depth of 10 for the model are SAT and UNSAT,
respectively. The reachable states for the system are illus-
trated in Fig. 14 for the temperature of the reactor tank, and
the timers of two rods in Figs. 12 and 13. Therefore, the
reactor would not be shutdown in this case.

However, consider the following differential equation
which specifies the dynamics of temperature when no rods
are in the reactor tank,

˙tp = 1

10
· tp − KNR, where KNR ∈ [40, 50],

inwhich, KNR is a bounded parameter evaluated in the
closed interval [40, 50]. In HML, KNR can be declared as a
float variable with an interval be its initial value, this can
be specified as follows:

Thus, the value of KNR is non-deterministic (within
[40, 50]) in the new HML model of rod reactor. Also,
whether the reactor would be shutdown in this new case can
be checked.

Figures 15, 16 and 17 depict the reachable states of one
running path of the reactor for the new case with KNR ∈
[40, 50] and the unrolling depth is 4. These three figures
indicate that there are no rods available (both timer1 and
timer2 take values that are less than 20) when the temper-
ature reaches 550 ◦C at the end point of the time. For this
case, the reactor has to shut down before the running time
reaches 32 (s).

8 Conclusion

In this paper, a modeling language HML has been extended
with types, constraints and templates to better fulfill the
modeling of hybrid systems. The HML model has been
translated into SMT formulas which are acceptable by the
SMT solver dReal for bounded reachability analysis of
non-linear hybrid systems. Moreover, the simulation and
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reachability analysis have been integrated in a prototype
tool, and a case study for an inverted pendulum has been
presented, also a rod reactor system for the control of the
temperature of the reactor tank has been verified. The util-
ity of this work has been checked, the language HML is
capable of modeling and verification for (linear and non-
linear) hybrid systems based on simulation and bounded
reachability analysis.

Future works may include: (1) introducing probability
features in HML for modeling of stochastic behaviors in
stochastic hybrid systems; (2) reachability analysis stochas-
tic HML models with continuous-time Markov decision
processes [21].
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Appendix A: Definitions Related to Computable
Functions

Some basic definitions that are related to this paper are
reviewed here. For more details, see [29, 40].

Definition 5 (Names) A name of v ∈ R is any function
γv : N → D satisfying

∀i ∈ N, |γv(i) − v| < 2−i ,

where, D is the set of all dyadic rationals (numbers of the
form ϕ

2ψ for an integer ϕ and natural number ψ).

For multi-dimensional name of v ∈ R
n, γv =

〈γv1 , ..., γvn〉. The name of v is a sequence of dyadic
rationals converging to it.

Definition 6 (Computable Reals) A real number v ∈ R

is computable if there exists a name γv of v that is a
computable function.

A real function is computable if its value can be approx-
imated for arbitrary precision by a function-oracle Turing
machine.

Definition 7 (Computable Functions) Let V ⊆ R
n, func-

tion f : V → R is computable if there exists a function-
oracle Turing machine F-OTMf calculating a rational

number Qγv
f (i) for i ∈ N and γv satisfying |Qγv

f (i) −
f (v)| < 2−i .

A function-oracle Turing machine F-OTM is an ordinary
Turing machine except that F-OTM have an additional tape
for query and two additional states (query and answer states,
respectively).

When F-OTM enters the query state, the oracle γ

replaces the current string v by γ (v) in the query tape, then
the tape head returns to the first cell of the query tape, and
the state of the machine is reset to the answer state.

For “types” of functions, informally, integer and rational
numbers are Type-0 objects, a real number can be con-
sidered as a Type-1 function that maps a Type-0 object
to type-0 object. Type-2 functions are those functions that
map from Type-1 functions to Type-1 (or Type-0) functions.
Thus, a function as f : R → R is a Type-2 function.

Appendix B: Sample SMT Formulas

Here, we present one sample SMT formulas that are
encoded (with maximum unrolling depth 0) for our HML
model. In the following list of SMT formulas, there are
some important parts should be explained:

– Logic. In line 1, set-logic is a keyword of SMT
standard language. (set-logic L) tells the solver
(dReal) what logic L is being used for satisfiability
checking of the SMT formulas. Here, QF NRA ODE is
the logic implemented in dReal for non-linear differen-
tial equations.

– Variable. (declare-fun position () Real)
declares a variable named position with data type
Real.

– Differential equation. (define-ode flow n F)
defines a differential equation, number n is an index
for this equation, F is the formula representing the
concrete form of the equation, for example line 16
defines a simultaneous differential equation. E.g., SMT
formula (= d/dt[clock] 1) can be considered
as a differential equation dclock

dt = 1 for variable
clock.

– Assert. The assert command (assert F) instructs
the SMT solver to assume that the formula F is true.

– Check. The check command (check-sat) tells the
SMT solver to do the checking of the satisfiability of
the SMT formulas.

– Property. The properties that users want to check can
be added as normal assert commands.

– Exit. The exit command (exit) returns success and
the SMT solver dReal terminates.
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